S176. Let ABC be a triangle and let AA;, BB;, CC] be cevians intersecting at P. Denote by
Ko = Kap,c,, Ky = Kpc,a,, Kc = Kca,B,- Prove that K4, B, ¢, is a root of the equation

23+ (Ko + Ky 4+ K.)2? — 4K, K, K. = 0.

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

First solution by Arkady Alt, San Jose, California, USA

Without loss of generality assume that area of triangle ABC'is 1. Let pq, pp, pp be the baricentric
coordinates of P, that is pg, py, pe > 0, pa + pp + pc = 1 and

— — —
poPA+ ppPB + p.PC = 0.

. ACY [ACCy)  AC)
—_— = h
Since BCy ~ pa and [BCCy — B then
Accy) = -2 (aBc) = 2
Pa + Db Do + Db
Also ABCY] _ ABL Pe yields

"[CBiCY]  CBi o pa

[ABC4] __ De
[ACCY]  pe+pa

Hence, K, = [AB1C4] = » +pf)bl(); o) Similarly,
a Cc a

DcPa PaPb

(o +pe) Pa+p5)" C (De+Pa) (P +pe)

Let K = [AlBlcl] s then

K = [ABC] — ([AB,C1] + [BC1 A1) + [C A1 By))

PvPc
=1—-(K,+Ky,+K.,)=1-—
( ’ ) Z (pa +pb) (pc+pa)

cyc
2papipe
(pa + pb) (pb + pc) (pc + pa)

On the other hand, since

Ko _potpe Ky _petpa Ke  patpy
K 20a K 2my, K 2D

then
K KK, (pa + pb) (P + pc) (Pe + Pa) _ 1

K3 8PaDbPe 4K’
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Thus, K? = 4K,K, K, and, therefore,

K=1-(K,+EK,+K,) — K)=K?— (K, + K, + K.) K?
— K34 (K, + Ky + K.) K> - 4K, K, K. = 0.

Second solution by Daniel Campos Salas, Costa Rica

Let x,y, z be the areas of the triangles BPC', CPA, APB, respectively. It’s easy to prove that

AB1 _ z AC1 _ y
Be == and oB =35 Therefore we have that

K =—ABl AClqlnA—l.ﬂ.yAB qinAzw'
2 x4z xty (z+y)(z+2)

The expressions for Kj and K. are obtained analogously. It follows that K4, g, ¢, equals

Ety+z) (1_ @+y(z+2) W+y+z) G+o)lz+y)

2eyz(x +y+ 2)
(@ +y)(y +2)(z+2)

Yz 2T Ty >

Finally, note that

Kz?%1BlCl + KA1B101 (Ka + Kl) + KC)
= K1241B101 (KAIBICI + K, + Kp + Kc)
2zyz(z +y + 2) 2
= )) @yt
<(~”C +y)(y +2)(z + z)
4(zy2)?(x +y+2)3

((z+y)(y+2)(z+12))°
= 4K KK,

which proves that K4, p,¢, is a root of the given polynomial.

Also solved by Daniel Lasaosa, Universidad Publica de Navarra, Spain.
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